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Abstract 

Let Q he a strongly Lipschitz domain of M". Consider an elliptic second order diver- 
gence operator L (including a boundary condition on f?J7) and define a Hardy space by 
imposing the non-tangential maximal function of the extension of a function / via the 
Poisson semigroup for L to be in L^. Under suitable assumptions on L, we identify this 
maximal Hardy space with atomic Hardy spaces, namely with H^{W^) if 17 = M", Hj.{i^) 
under the Dirichlet boundary condition, and Hl{Q) under the Neumann boundary con- 
dition. In particular, we obtain a new proof of the atomic decomposition for H},{Q). A 
version for local Hardy spaces is also given. We also present an overview of the theory of 
Hardy spaces and BMO spaces on Lipschitz domains with proofs. 
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1 Introduction 



Hardy spaces on M", and especially iJ^(R"), were studied in great detail in the 60's and 70's. 
A nice review on this is in \\27\\ . 

Originally defined by means of Riesz transforms (see the seminal paper of Stein and Weiss 
the usefulness of this space in analysis as a substitute for L^(]R") comes from its many 
characterizations, beginning from the work of Fefferman-Stein (see |T^). Let G 5(]R") be a 
function such that (j){x)dx = 1. For all t > 0, define 0((x) = t~"'(j){x/t). A locally integrable 
function / on M" is said to be in H^{W^) if the vertical maximal function 

Mfix) = sup |0t * f{x)\ 



belongs to L (R'^). If it is the case, define 



ll-M/lli- 



Recall that a function / G H^(M"-) satisfies f{x)dx = 0. 

Another equivalent definition of if^(R"^) involves the non-tangential maximal function as- 
sociated with the Poisson semigroup (or the heat semigroup) generated by A, the Laplace 
operator on R". If / G Lj^^lM."'), the following are equivalent: 



sup 

\y-x\<t 



-i(-A) 



1/2 



fiy) 



G L 



See 0], Theorem 11, p. 183. 

The atomic decomposition obtained by Coifman and Latter was a key step in the theory 
(see [0 when n = 1, when n > 2). A function a on R" is an if^(R")-atom if it is supported 
in a cube Q, has mean-value zero and satisfies ||a||2 < IQT^^^- Then, / G i/^(R") if and only if 
/ = J2q '^Q(^Q where the Cq's are iJ^(R")-atoms and the sequence of complex numbers {Xq)q 
is in l^. The norm is comparable with the infimum of |Aq| taken over all such 

decompositions. 

In recent years, a quite complete theory of Hardy spaces on domains has been developed (p]|, 
2^, ^ The Hardy spaces are defined in terms of restrictions or support conditions from 
if^(R") or in terms of some "grand' maximal function. For these spaces, atomic decomposition 
have been obtained in particular on special Lipschitz domains and bounded Lipschitz domains of 
R". However, is there a maximal characterization using the Poisson semigroup? More precisely, 
replace in ([^), R" by fl and take for A the Laplacian with Dirichlet or Neumann boundary 
condition. This defines two maximal Hardy spaces on Q. One of the aims of the present paper 
is to identify each one with one of the "geometrical" Hardy spaces mentioned above. It turns 
out that the choice of boundary condition is meaningful in the answer. Roughly, the maximal 
space corresponding to the Dirichlet Laplacian is H^{Q) and to the Neumann Laplacian Hl{Q). 
In the Dirichlet case, we shall use the existing atomic decomposition of H^{Q). On the other 
hand, in the Neumann case, we obtain in passing the atomic decomposition of Hl{Q). We also 
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make the statements valid for general strongly Lipscliitz domains (which include also exterior 
domains) . 

Another question we ask here is: does the Laplacian play a specific role ? In other words, can 
it be replaced by an other second order elliptic operator? In [Q, it was shown that H^{M.) has 
a maximal characterization using the Poisson semigroup of elliptic operators. We give here an 
affirmative answer in higher dimensions and on domains, provided the elliptic operator satisfies 
a technical condition. For example any real elliptic operator will do. This also emphasizes the 
prominent role of the boundary condition in these questions. 

The similar questions for local Hardy spaces have comparable answers. 

Using the recent work of Dafni et al, |^ , one can certainly extend our results to H''' and 
spaces for a range of p's smaller than 1. We have not done so to keep the length of the paper 
reasonable. 

The plan of this paper is the following. First, we treat the case of global Hardy spaces on 
strongly Lipschitz domains: we review their definitions and recall their atomic decompositions 
(and clarify some points in the literature). We then introduce our maximal Hardy spaces and 
state the main theorem. Next, we recall a few facts about BMO and duality. Then we turn to 
proving some auxiliary results involving square functions, Carleson measures and tent spaces 
before proving the main theorem. We also give proofs (sometimes new) of classical atomic 
decomposition and of duality. In a second part, we study the corresponding theory for local 
Hardy spaces. We also present different maximal functions characterizing our maximal Hardy 
space. We conclude with two appendices, one about kernel estimates and the other about the 
elementary geometry of Lipschitz domains. 

Acknowledgements We are grateful to Alan Mcintosh and Zengjian Lou for letting us 
include an argument of theirs and for discussions on this project. The second author thanks 
Philippe Tchamitchian for advice and encouragement. 

2 Global Hardy spaces on strongly Lipschitz domains 

In what follows, it is understood without mention that belongs to the class of strongly 
Lipschitz domains of M", that is is a proper open connected set in whose boundary is a 
finite union of parts of rotated graphs of Lipschitz maps, at most one of these parts possibly 
infinite. 

This class includes special Lipschitz domains, bounded Lipschitz domains and exterior do- 
mains. Some facts about such domains are presented in Appendix B. 

Some statements may be valid for a restricted class and we shall indicate this when it is the 
case. 

2.1 Hardy spaces: definitions 

Let us begin with defining various Hardy spaces on a domain. Some definitions will differ from 
([^, Q). For the atomic spaces, we have privileged normalized atoms. We will not address 
the equivalent definitions obtained by taking normalized atoms with p > 1. 
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The first category is made up of restrictions to Q of certain functions in H^{W^). 

Definition of H^{fl): A function / on Q is said to be in H^{0,) if it is the restriction to Q of 
a function F e H\W). If / e H^{n), define ||/||^i(n) by 

the infimum being taken over all the functions F e H^{MJ^) such that F\^ = f. 

Definition of Hl{Q): A function / on Q belongs to Hl{Q) if the function F defined by 

{f{x) ii X eU, 
iix^n 

belongs to H\W'). When / e Hl{n), its norm is Note that it is a strict 

subspace of H^{^) (in particular, a function / in Hl{Q) satisfies J^f{x)dx = 0, whereas this 
may not happen for / e H^{Q)). This space is nothing but the subspace of if^(R") of all 
functions supported in Q. 

The second category of Hardy spaces on Q consists of atomic spaces. We hst three such 
spaces. 



Definition of type (a) and (6) cubes: A cube Q is said to be a type (a) cube [with respect 
to n] if AQ cn,& type (6) cube ii 2Q C and AQ n dil ^ 0. 

Definition of type (a) and (b) atoms: A measurable function a on Q is called a type (a) 
atom if it is supported in a type (a) cube Q with 



/ a{x)dx = and ||a||2 < \Q\' 
Jo. 



1/2 



A measurable function a on Q is called a type (6) atom if it is supported in a type (6) cube Q 
with 



|a||2<|Q| 



-1/2 



Note that a type (6) atom is not supposed to have mean value zero. 

A more speaking terminology would be interior atoms for type (a) atoms and boundary 
atoms for type (6) atoms. We have kept the terminology in the literature. 

Definition of H^g^{0,): A function / defined on 0, belongs to H^g^{fl) if 

(a) (6) 

where the oq's are type (a) atoms, the 6q's are type (6) atoms and ^(^^ |Aq| + < +oo. 

Define ||/||^i as the infimum of ^(a) |Aq| + ^^^^ over all such decompositions. 



Definition of Hl^(n): A function / defined on f2 belongs to Hl^(^l) if 

(a) 

wliere tlie ag's are type (a) atoms and J2{a) I^qI ^ +00. Define as tlie infimum of 

J2{a) \^q\ ^^^^ decompositions. 

Note tliat tliis definition gives a smaller space than the atomic space considered in : there, 
the oq's are taken as if^(Jl)-atoms, that is i7^(]R"')-atoms supported in cubes contained in Q. 
We shall show that our definition coincides with theirs (this fact is implicit in [^J when Q is 
special Lipschitz or bounded as pointed out in p. 1612). An immediate advantage of our 
definition of Hl^{Q) is the strict containment of Hl^{Q) in Hl^{Q) and the evident role of the 
boundary of Q. If Q were arbitrary, that definition could be vacuous for application as Hl^{Q) 
could be too small. 



Definition of H^iy{Q): Finally, since Q is strongly Lipschitz, it is a space of homogeneous 
type and one may also consider on Q the Hardy space of Coifman and Weiss as defined in |T2| , 
which will be denoted in the sequel by Hl,^r(Q). An if^^(f2)-atom is a function a supported 
in Q nfl, where Q is a cube centered in fl (but not necessarily included in fl) and satisfying 



J a{x)dx = and ||a||2 < |Q fl ri| 



-1/2 



If has finite measure, the constant function -pj- is not an atom with our definition in opposition 



with that of |T! 

A function / is in Hl^,^r{Q) if / can be written as 

Q 

where the ag's are i^^^y(^])-atoms and J2q I-^qI < The norm is defined as usual. This 



space is also a special case of the Hardy space H^{F) considered in |20] on closed sets F of M" 
with the Markov property (here, F = Q). 

Theorem 1. (al) H^in) C H^Q). 

(a2) Hj:^{Q) = Hl{Q) provided '^Q is unbounded. 

(61) Hl^{Q) = Hhw{Q). 

Each inclusion is here a continuous embedding between Banach spaces. In this paper, one 
finds a self-contained proof. But, as this is not the main object of our paper, let us comment 
on this result now and postpone proofs till later. 
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Assertions (al), (a2) are known results when is a special Lipschitz domain or is bounded 
p4| , H and are simple to prove. We note that the restriction on fl in (a2) is necessary as a 
counterexample will show (See Section 2.8). 

Concerning (61), the embedding Hi ^{Q) C if^^y(ri) is straightforward. The converse can 
be obtained (but this is not straightforward) by typical arguments in harmonic analysis on 
abstract homogeneous spaces combined with the geometry of the boundary: maximal functions, 
Calderon-Zygmund decomposition and Whitney coverings. However, we shall present a quite 



interesting argument due to Lou and Mcintosh |22[, which uses more the differential structure 
of M'^ (See Section 2.8). 

That Hl^{fl) C Hl{Q) in (62) is a triviality. The remaining embedding Hl{Q) C Hl^{Q) is 
the deepest of all. It is proved by a constructive method in on special Lipschitz domains and 
on bounded Lipschitz domains for the local Hardy spaces (see Section ||). In [0, it is derived 
from an extension theorem by Jones for BMO and duality. Another argument is to use 
the result that HliVL) = in 0, combined with i^ciyl^) = H\Il) and (61). 

A byproduct of our maximal spaces defined below (Section |2.2| ) is another proof of the 
embedding Hl{n) C ifcw(^)- 

Up until Section 2.8, we assume knowledge of Theorem but Hl{Q) C Hi ^{Q) which is 
proved in Section 2.7. 



2.2 Maximal Hardy spaces and statement of the main result 

We introduce a third category of Hardy spaces on Q defined via maximal functions associated 
with second order elliptic operators in divergence form. We briefly describe these operators, 
the most typical being the Laplacian with appropriate boundary condition. If i7 = M" or if Q 
is a strongly Lipschitz domain of M", we will denote by W^''^{Q) the usual Sobolev space on Q 

equipped with the norm [WfWl + ||V/||2)^ ^, whereas l^Q'^(fi) stands for the closure of C^(fi) 
in W^'^n). 

If A : M" — > M„(C) is a measurable function, define 

Plloo= sup \{A{X)^,7])\. 

XgR", |^| = |7y|=l 

Here and subsequently in the paper, the notation sup is used for esssup. For all 6 > 0, denote 
by A{6) the class of all measurable functions A : M" — > M„(C) satisfying, for all x, ^ G M": 

PIL < and Re {A{x)^, > ^ l^l' • 

Denote by A the union of all A{6) for 6 > 0. 

When A E A and is a closed subspace of W^''^{Q) containing Wq''^{Q), denote by L the 
maximal-accretive operator on L'^{Q) with largest domain T'(L) C V such that 

{Lf,g) = [ AVf.V^, V/ G ViL),Wg E V. (2) 
Jn 

We will write L = {A, Q, V). Say that L satisfies the Dirichlet boundary condition (DBG) when 
V = Wq''^{Q), the Neumann boundary condition (NBC) when V = W^''^{Q). 
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We turn to the definition of maximal Hardy spaces associated witli sucli operators. Let 
L = (A, f2, V) be as above. Tliis operator lias a unique maximal accretive square root L^/^ so 
that — L^/^ is the generator of an L^(i7)-contracting semigroup Pt = e~*^^''^ ,t > 0, the Poisson 
semigroup for L. We will need that Pf also acts on L^{Q). Let us then introduce a technical 
condition on L. 

Definition 2. For < r < +oo, we call (Gr) the conjunction of (j^ and (0j below: The kernel 
of e^^^ , denoted by Kt{x,y), is a measurable function on Q x Q and there exist C,a > such 
that, for all < t < T and almost every x,y E Q, 

\Ux,y)\<:^e~-'^. (3) 

For all X E Q and all < t < t, the function y Kt{x,y) is Holder continuous in Q and 
there exist C, /i g]0, 1] such that, for all < t < t and all x, y, y' G Q, 

\K,ix,y)-Ux,y')\<^Jygf. (4) 
When T is finite, we set r = 1 without loss of generality. 

For those readers only interested in the Laplacian or real symmetric operators (under BDC 
or NBC), this condition is always satisfied on M" or on Lipschitz domains with r = oo except 
under NBC with Q bounded for which we have r finite. 

Lemma 3. When (Goo) holds, the Poisson kernel of L, i.e. the kernel pt{x,y) of Pt satisfies 



and 



t^' 

for all t g]0, oo[, for some C > and fi g]0, 1[. 

This follows from the subordination formula (see 



pt[x. 



^ (J \y — y'\^ 

\pt{x,y) -pt{x,y')\ < — — (6) 



1 r+oo 

y) = ^ K^{x,y)e-^u-'/^du. (7) 



If (Goo) holds and / G L}^X^) so that y ^ \y\-''-^f{y) G L^{n), define, for all x G fi, 

fl{x)= sup \Ptf{y)\. 

yeO,i>0, \y-x\<t 

Say that / G Hl^^ ^i^) if /£ G L^{n) and define 

,(n) = 11/21^1(0) • 

Note that H}^^^ j^iVt) depends, in particular, on the boundary condition. Since Pt tends to the 
identity strongly in L^iVL) we see that H}^^^ ^^iVL) C L^iVL). 

One of the aims of this paper is to identify this maximal space. Our result is the following: 
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Theorem 4. Let Q = 'R"' or Q be a strongly Lipschitz domain of M", and L = {A, Q, V) 
satisfying (Goo)- 

(a) Ifn = R", one has H^(W) = i^i„^,i(M"). 

(6) // '^Q is unbounded and L satisfies the Dirichlet boundary condition, then one has H^^{Q) = 

(c) IfQ is unbounded and L satisfies the Neumann boundary condition, then one has Hl^iVL) = 

If we assume '^Q is bounded in (6) then H^^{Q) C if^^^^(fi). We have not succeeded in 
proving the converse. Assuming Q unbounded in (c) is no restriction as the condition (Goo) 
in never satisfied under NBC and Q bounded. Note that (c) contains the equahty between 



Hardy spaces aUuded to in Section |2]1| in the case where f2 in unbounded. The case where f2 
is bounded wiU be addressed via local spaces in Section 2.1. We turn to some intermediate 
results and begin with discussing about BMO spaces. 

2.3 BMO spaces 

Definition of BMO{W^): A locally square-integrable function / on R" is said to be in 
BMOiW) if 



2 

_BMO(R") 



^^PFT / \fi.^) - fQ\^ < +0O 
Q \Q\ Jq 



where the supremum is taken over all the cubes Q G R" with sides parallel to the axes. Here, 
fE = j^f^ f{x)dx is the mean of / over E and \E\ is the Lebesgue measure of E. 

Definition of VMO{W): Define VMO{W) as the closure of ^^(R'') (the space of continuous 
functions on R" with compact support) in BMO{W^). This VMO space is the one in the sense 



of Coifman and Weiss |]12| and is different from the one considered by Sarason in , which is 
the closure of the space of all uniformly continuous i?MO-functions on M". See the recent work 
of G. Bourdaud for clarifications [g. It is well-known that BMO{W) is the dual of H^{W), 
the latter being the dual of VMO{W) 0, [H. 

We next introduce the first category of i?MO-spaces on Q. 

Definition of BMOz{^)- The space BMOz{^) is defined as being the space of all functions 
in BMO{W) supported in il, equipped with the norm ll/II^MO^n) = II/IIba/ocr")- 

Definition of VMOz{ri): We define VMO^i^^) is the closure of Cc(f2), the space of contin- 
uous functions with support in Q, in BMOz{^)- 
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Definition of BMOr{^): The space BMOr{^) is defined as being the space of all restrictions 
to n of functions in BMO{W). If / e BMOriP) define WfWsMOrin) by 

ll/ll_BAfO,.{f^) ~ ll-^llBAfO(R") ' 

the infimum being taken over all the functions F G BMO{W^) such that F\^ = f. 

Next, we turn to the second category of i?M(9-spaces, defined in terms of mean square 
oscillation. 

Definition of BMOz,a{^)' A locally square-integrable function / on is in BMOz,a{^) if 

SMO. a (H) = sup f sup ^ / \(j){x) -(pqfdx, sup / |0n <+oo, 
\ (a) IWI Jq (b) |(^| Jq J 

where sup (resp. sup) means that the supremum is taken over all type (a) cubes (resp. all type 

(a) (6) 

(6) cubes). 

Definition of BMOr,a{^)'- A locally square-integrable function / on 17 is in BMOr,a{^) if 

(a) Ivl 



BA/o...(n) - sup 1^ / \4>{x) - ^q\ dx < +00. 



Definition of BMOcwi^)'- A locally square-integrable function on is in BMOcwi^) 

2 1 /" 2 

IbmOcw(C) = sup igT^ y - ^Qnn\ dx < +oo, 



where the supremum is taken over all cubes centered in Q. This is the space defined in |T2 
A sligth variation is that the indicator function of Q is not in BMOcwi^) when Q has finite 
measure. 

Definition of VMOcwi^)- The space VMOcw{^) is the closure of Cc{Vt) in BMOcw{^)- 

Note that BMOr,ai^), BMOriSl) and BMOcwiyi) are defined modulo constants. We 
ignore this well-understood issue. 
Let us mention the duality results. 

Theorem 5. (a) The dual of Hl^^iVt) is BMO^A^). 

(b) The dual of HI{VL) is BMOz{VL), the dual ofVMOz{VL) is HI{Vl). 

(c) The dual of H^j^in) is BMOcwi^), the dual ofVMOcwi^) is Hl.^{n). 
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(d) The dual of HliVt) is BMOriVt). 

(e) The dual of Hl^{n) is BMOr,a{^)- 

The result corresponding to Theorem |l] for i?Af 0-spaces is the following 
Theorem 6. (al) BMO.^ai^) C BMO^{n). 
(a2) BMO^^aiyt) = BMOziyt) provided ''Vt is unbounded. 

(61) BMOcwi^) = BMOr,a{^). 

(62) BMOr{VL) = BMOr,a{^). 

Again, let us just comment on these results of which we shall only need (6) and (c) of 
Theorem ^, which will be proved in Section |2.10 . 

Concerning Theorem ^ (c) is already known |12| (our change in the definition does not 
induce any modification in thte proof) and all the other statements but (e) are not so deep. It 
is easy to show that (iJ^„(f2))' contains BMO^^ai^) but the converse is harder (in particular, 
we think that the argument proposed in |]^, Theorem 2.1, for bounded domains and local spaces 
has a gap). 

Assume for the moment all the above is proved and let us argue for Theorem |[ First, 
(al) and (a2) follow by duality (easy direct proofs are also possible). Next and we have 
BMOrin) C BMOcwi^) C BMOr,a{^) (duality or direct proof). Using Theorem |, (61), and 
the already observed inclusion in Theorem |^, (e), we have 

BMOcwm C BMOr,a{^) C {HlJQ))' = {H'cwi^))' = BMOcwi^)- 

Hence, BMOcwiS^) = BMOr,a{n) and BMOr^aiP) is the dual of H^^ip:). 
This completes the proof of Theorem ^, (e), and of Theorem ^ (61). 

The remaining embedding in Theorem ^ (62), namely, BMOr,a{,^) C. BMOr{^), given 
duality and the existing embeddings, is equivalent to the embedding Hl{fl) C Hl^{Q). 

A result by Jones |l^ characterizes the domains having an extension property for BMO. 
Lipschitz domains fall in that class. The embedding BMOr^ai^) BMOr{^) is a slightly 
stronger extension property since the definition of BMOr^ai^) requires bounded mean oscil- 
lation only on cubes of type (a) while Jones assumes bounded mean oscillation on all cubes 
inside Q. 

2.4 Area integrals and maximal functions 

Let Q = or r2 be a strongly Lipschitz domain of M". Consider L = {A, Q, V) with Dirichlet 
or Neumann boundary condition. Define for x E Q, 

Safix)= ( [ e--\VPtf{y)\'dydt 
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and 

S'a^'fi^) =( [ t'-- I VPJ(?/)f dydt] ' , 

with Vm = (Vm, dtu), I Vm|^ = | Vm|^ + Pt = e~*^^^^ and where Ta{x) and r^'-^(x) are the 

respectively the cones and the truncated cones defined by 

Ta{x) = {{y,t) eilx]0, +oo[; \y - x\ < at} 

and 

^a'^ix) = {{y,t)eQx ]6, R[;\y-x\< at} , 

for a > 0, < e < -R < +00. We can also write Sa = 5*°'°°. Here, | | is the sup norm on 
(for which the balls are cubes with sides parallel to the axes). 

Lemma 7. Assume a < 1. Then, one has for f G L'^{Q), 

S^^^f{x)<Cil + \HR/e)\)mx) 

for some constant depending on a. 

The truncated square function is well-defined for / G L'^{Q) since VPt is bounded on L^(fi). 
Let us also recall that Ut{y) = Ptfiy) satisfies the elliptic equation V ■ BVutiy) = (in the weak 
sense on fixjO, oo[) where B is the (ra + 1) x (n + 1) block diagonal matrix with components 
A and 1. Moreover, we have prescribed Dirichlet or Neumann data on the lateral boundary 
9fix]0, cxd[. Hence, we have interior and boundary Caccioppoli inequalities (see 0): for some 
p > and C depending on Q and ellipticity, 

[ \Vutiy)\'' dydt < Cr-'' [ \ut{y)\'' dydt 

JE Je 

for all sets E = B{{z, r), r) n (l^xjO, oo[) with E = B{{z, r), 2r) n {nx]0, oo[) provided x e Q, 
T > and r < inf(p, r)/4. Here B{{z, r), r) is the open ball defined by sup(|2; — y\,\T — 1\) < r. 

For (z,r) G r^'^(x), let E^.^r) = B{{z,T),r) H (fix]0,oo[) with r = (5inf(r,p) . Here 5 
is some small number. By Besicovitch covering argument, pick a subcoUection Ej = E(^zj,tj) 
covering r^'^(x) and having bounded overlap. Remark that iy^t) G Ej implies t ~ dj, the 
distance from Ej to the bottom boundary x {0}. Remark also that if 5 is small enough, 
(?/, t) G Ej implies (?/,t) G ri(x), hence \ut{y)\ < fl{x). Thus we obtain from the bounded 
overlap and Caccioppoli's inequality, 

S^^'^fixr <Cj2d]-''rf\E,\fl{xy. 
j 

and so that the bounded overlap of the Ej^s again easily yields by 

Y,d]--rf\E,\<C{l + \ln{R/e)\). 
j 



Observe that \Ej\ < C\Ej 
inspection. 
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Proposition 8. Assume that (Goo) holds. There exists C > such that, for all f G H^^^ l(^); 
||^i/|li<C 11/11^. 

max,L 

The proof follows ideas from Theorem 8, p. 161 and [|r^, Section 6, see also 
Lemme 11.10. It relies on a "good A" inequality. We need though variants of the truncated 
square functions in order to compensate the lack of pointwise regularity. Set 



1/2 



1 JV'/^'^ix) 

a. I a ^ ■' 



t'"" \ WPtf\y)\ dydtda 



Fairly elementary arguments show that 
We shall prove 

Lemma 9. There exists c > such that, for a// < 7 < 1, all X > 0, all < e < R < 00 and 

allfeHi^nL^in), 



\[xeQ;Slf,J{x)>2X, r(x)<7A 

We will also use the comparability of the square functions. See [|1T|, Proposition 4, p. 309. 
Lemma 10. For a,f3>0,0<e<R< +00, one has 

II " ''111 



x e Sy^f{x) > X 



Sl'^'f 



where the implicit constants do not depend on /, e, R. 

Let us deduce Proposition |[ Assume first that / e H^^^ fl L^(fi). As a consequence of 
Lemma 1^, by integrating both sides with respect to A, one obtains 

Sl'/lf <7-Ml/2lli + c7' 5^1/?/ 



Thanks to Lemma |1^ and the comparisons between the square functions and their variants, 
one has 



and by Lemma |^ 

q£/2,R r ^ 
^\I2 J ^ 



ge/2,2Rj. 



< 



sf'-f 



< c 



qe/2,R r 

•^1/20 J 



+ 



ge,Rj. 



gR,2Rf 



< 



Sl'^'f 



Hence, by choosing 7 appropriately and using the a priori knowledge that 
obtains 

si'^'f <G 11/211,. 



1 



< +00 one 
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By letting e I and R j +00, the conclusion of Proposition |] in the case f E L"^ follows. 

To complete the proof of Proposition ||, we have to relax the assumption / G L^(fi). But, 
if fl G L^, then / G L^{Q) and together with the kernel estimates on the kernel of Pt, one has 

G L\n) for all e > 0, where = PJ(x). It follows that \\SM\, < C \\if,)l\\, < \\fl\\,. 

Letting e I 0, one obtains IIS"/!!-,^ < C by monotone convergence. ■ 

We turn to the proof of Lemma |^. In the next argument, e, R, A are fixed. Also / G 
Hl^^^^^ n L^{n). Define O = |x G fi; /(x) > a|. We may assume that O ^ fi. Let 
O = [JQk he a Whitney decomposition of O (with respect to Q) by dyadic cubes (of M"), so 



k 



that, for all k, 2Qk C O C n, but 4Qk intersects n\0. Since j^i/fo/ > 2A} C j^i/f/ > a}, 
it is enough to show that 

[x G Qk, Slf,J{x) > 2A, flix) < 7A}| < \Q,\ . 

From now on, fix k and denote by / the side length of Qk- 
If X G Qk, 

^supmelRf^^^ < A. 

Indeed, pick Xk G iQk with ^ O. U \y — x\ < ^ and with t > sup(10/,£:), then one has 
\xk-y\<i + 4l< |. Hence ^^^^"''^^''^/(x) < S^^f °''^)'^/(x,) < A. 

i/2o^v-^; — ^1/20^ v-^; ^ ^1/20 



If e > 10/, we are done. Otherwise, using, 5'^/fo/(^) — ^Imfi^) + ^1/20^ fi^)^ remains to 



show that 

|{x G QfcHF; g{x) > A}| < 07' IQ^I 

where 

^(x) = ^1/20/(2:;) 

and 

F = {xGfi;/2(x) <7A}. 
By Tchebjd^chev's inequality, this follows from 

/<c7'A2|Qfc|. 

We note that the condition (Goo) implies that F is a closed set of Q. 
If 5/ < e, then the argument using Caccioppoh's inequality shows that 

/ 9'<c[ {flf<c^'X'\QknF\. 

JQkDF JQknF 
Assume from now on that e < 51. By geometric considerations, 

JQknF Ji Jsa 
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where 

£a = {(y, t) e Qxjea, 10/a[; 0-0(2/) < t) 

with V'(y) the Lipschitz function equal to 20dist {y,Qk H F). Recall also that Ut{y) = Ptf{y). 

Observe that £a = {{y, at); {y, t) E Si}. Define E = {y; {y, t) G Si}: this is an open set in Q. 
For a connected component C of E, we let Ca = {{y,t) E Sa;y E C}. It suffices to show that 

t \Vut{y)\^ dydtda < (rf^X^\C\. 

'1 JCa 

Indeed, summing over all connected components of E, we get 

r-2 



[ [ t\Vut{y)\^ dydtda<(rf^X^\E\, 



and it remains to observe that E C 2Qk. Indeed, ify E E, there is a point {y, t) above contained 

^. Since t < 10/, we have \y — x\ < ^ 



Si, hence there exists x E Qk F such that |y — a;| < ^. Since t < 10/, we have \y — x\ < ' 



and the desired inclusion follows. 

We next fix a connected component C of E. Consider a E ]1, 2[ and note that Ca is connected 
and has Lipschitz boundary. The ellipticity condition for A shows that 

t \Vut{y)f dydt < C Re / tBVut{y)Vut{y) dydt = C Re 4, 

a ''Ca 

where B is the (n + 1) x (n + 1) block diagonal matrix with components A and 1. The function 
utiy) satisfies the equation V • B'Vut{y) — (in the weak sense on QxjO, oo[) so that we wish 
to integrate by parts. 

To do so let us make some observations. We claim that for {y,t) E Ca, then y E 2Qk C O 
and (y, t) E Si. Indeed, since F is closed, there exists x e fl F such that |y — x| < Since 
t < lO/a, we have \y — x\ < ^ and the first claim is true. Moreover, \y — x\ < < t, hence 
the second claim. 

It follows in particular that Ca remains far from the boundary of f2x]0, oo[, so that we do 
not care about the boundary values of Ut{y), and that |Mt(?/)| < 7A on Ca. 
The Green-Riemann formula shows that is equal to 

-/ dtUtiy) ut{y) dydt + tBVut{y) ■ Na{y,t)ut{y)daa{y,t). 

JCa JdCa 

In this computation, Na{y, t) is the unit normal vector outward Ca whereas dua is the surface 
measure over dCa. Moreover, the Green-Riemann formula again yields 

2Re / dtut{y)^dydt= f \ut{yf Na{y,t) ■ {Q, . . . daa{y,t). 

JCa JdCa 

Finally, 

/ t\Vut{y)\^ dydt < C [ \ut{y)fdaa{y,t) 

JCa JdCa 

+ C 1 t\ut{y)\ \Vut{y)\daa{y,t). 

JdCa 
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Since < 7A on dCa, we obtain that 

/ / \ut{y)\^daa{y,t)da<-f^\^ I / daa{y,t)da. 



We claim that 



/ / daa{y,t)da<c\C\. 

J I JdCa 



Indeed, this integral is bounded by c Jg, where Q is the union of the sets dCa for 1 < a < 2. 
This is the set of points [z, s) with z E C and e < s < 2e or '4>{z) < s < 2'^{z) or lOZ < s < 20L 
The claim follows readily. 
It remains to establish 

/ / t\ut{y)\\Vut{y)\daa{y,t)da<c^^\^\C\. 

Jl JdCa 

Using the previous notation and a change of variables, this integral is bounded by 



7 A / \Vut{y)\ dydt. 

JG 



Pick a covering of Q with bounded overlap by balls Bj — B{{xj,tj),^). Remark that {x, t) G Bj 
implies t ~ ~ '"(-^j)) the radius of Bj. Then using Holder's inequality and again Caccioppoli's 
inequality 



/ \Vut{y) \ dydt < cV / \Vui 

JG JBi 



{y) I dydt 



< cJ2\Bj\'^MB,)-'(J^^ \utiy)\'dydt 



1/2 



< cjXj2\BMB,)-' 

f dzds 

< cjX 



< cjX\C\. 

Here, ^ is a set like Q but slightly enlarged: it is contained set of points {z, s) with z & C and 
e/2 < s < 4£ or ii{z)/2 < s < A'i/j{z) or 51 < s < 40L ■ 

Remcirk 11. When L is the Laplacian, then {y,t) ^ Ut{y) is harmonic so that the Caccioppoli 
inequality can be replaced by the mean value property and one can proceed directly using the 
square functions (and not their variants). 

When Q 7^ M", the Whitney cubes Qk are designed to stay away from the boundary of fl 
so that interior estimates suffice. When ft — R", one can proceed directly and prove the good 
lambda inequality on R". Details are left to the reader. 
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2.5 Carleson measure estimates and BMO 



In the present section, let Vt = M" or f2 be a strongly Lipschitz domain of M". Consider an 
operator L = {A, f2, V) satisfying (|]) and the restrictions of Theorem ^ on f2. Set Pt = e~^^^^^ . 
We intend to show that, when a function belongs to BMOz^ai^) (resp. BMOcwi^)), 
t\dtPt(p{x)\ dxdt is a Carleson measure when V = VTq (^) (resp. V = W^'\n)), with the 
obvious modifications when Q = M". When Q is a cube with center xq & Q and radius 
r = i{Q)/2, define the tent over Q by 

T{Q) = {{y, t)eQx]0,+oo[; \y-XQ\<r-t}. 

We recall that | | is the sup norm on M". When is locally integrable on Q, set 

1/2 



T0(x) = fsup —1— /" |9iPi0(y)|2trfydt) 



T{Q) 

where the supremum is taken over all the cubes Q centered in Q and containing x. 

We will need a few facts from functional calculus for the operator L = {A, fl, V) (see 
and [p^] ). 

First note that L is one-to-one (except if Q is bounded and V = W^''^{fl), which is excluded 
from our discussion), and if = sup |arg74(x),^.^|, one has lu < tt/2 and L is cu-accretive 

on V (see [H). If G ]cj, 7r[, and = G C \ {0} , |arg2;| < /i}, for all function / G //°^(r^), 
one can define a bounded operator f{L) on L^(i7) such that ||/(Iv)|| < ll/ll_f/oo(r,i)- 

If V G i/°°(r^) and if there exist c,s>0 such that, for all C G T^, |^(C)I < c Kl' (1 + ICI)"^', 
then ip{L) may be computed thanks to the Cauchy formula: 



1 

2T7r 



^l^{L) = — I (C-L)-V(CK 



where 7 is made of two rays re^*^, r>0, ti;<z/<yU and is described counterclockwise. If is 
such a function and is not identically zero, and if one defines iptiC) = i'itQy there exists > 
such that, for all / G L'^{^), 



dt 



c^||/|l2< ( / \mL)f\\lj] <c^\un2- 



1/2 



See [22]. This remark applies to "ipiz) = —z^^'^e ^^'^ and tptiL) = tdtPt 



,1/2 



The result of this section is a follows (see Theorem 3, (in), p. 145): 
Proposition 12. Assume that L = [A, Q, V) satisfies (Qj. 
(a) Ifn = M", then there exists C > such that, for all G BMO{W), WT^^^^^r.-^ < 

C I|0||_BA//O(R")- 

(6) If L satisfies DEC, then there exists C > such that, for allcp G BMO^^ai^) , \\'^^\\L^{n) — 
C MBMO,,ain)- 
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(c) // Q is unbounded and L satisfies NBC, then there exists C > such that, for all (j) e 
BMOcwi^), <^ll0llBMOc.(a)- 

The proofs of the three assertions are similar, and we give the one of (b). Consider G 
BMOz,a{^) with ||0||sMOj — 1; 2; e ^2 and a cube Q centered in fl and containing x. Write 

= 02Qnn + (0 - 02Qnn)- 

It is classical using the square function estimate for dtPt, the decay of the kernel of dtPt and 
BMO inequalities that 



Jq^\ J^^^^ \^tPt{4> - (t>2Qm){y)\ tdydt < c\\(f)\\BMOcw{^) 

and since BMO^,a(^) C BMOr,a{^) = BMOcw{^), H\\bmOcw{^) < c- 

It remains to control Iq — J^;^ Jt{q) \9tPt{<p2Qnn){y)f tdydt by a constant which does not 

depend on Q. 

We use the following lemma. 

Lemma 13. Let (f) e BMOz,a{^) with \\(f>\\BMO^ a{^) — ^ Q be a cube centered in Q. Then 

nn\ < Csup(ln f - ) ,1), 



^r ^ 

where r is the radius of Q and S > its distance to the boundary offl. 
Proof: Notice first that, for any cube Q of type (a), one has 

\<PQ-<P2Q\<C. 

Moreover, if Q is of type (&), then |0q| < 1 by definition of BMOz.ai^) Holder's inequality. 

Assume first that Q is of type (a), and let k be the smallest integer such that 2^Q is of type 
(6). Then, one has 

< Yl I'^^'Q - '^2'+^qI + < C(A; + 1) < C'ln ( - J . 

Assume now that AQ n dfl ^ 0. Take a Whitney decomposition oi Q Hfl with respect to dfl, 

k 

where, for each k, Qk is a type (6) cube. Therefore, one has 
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Let us come back to the proof of Proposition [T^. Lemma [5^ (see Appendix A) shows that, 
for all y e Q nQ, 



/ dtPt{z,y)dz 
Jn 



< ^ (i . 



t V t 



where 5{y) is the distance from y to the boundary of Q. It is then fairly easy using that Q is 
strongly Lipschitz to show that 

1 f ^ fl + MY\dydt<CmfCl). 



\Qnn\JT<Q)t^ V t J 



See [3, Lemma 29, for details in a related situation. This and Lemma |1^ prove that Iq < C. 
Assertion (6) is complete. 

For assertions (a) and (c), decompose as above and since dtPt annihilates constants, only 
the first term arises. Proposition |1^ is proved. ■ 

2.6 A weakly dense class 

We shall need the following lemma (see Lemme 11.11): 

Lemma 14. Assume that L = {A, Q, V) satisfies (Goo)- ^or all function f G -ff^ax there 
exists a sequence {fk)km of functions in H^^^ fl L^(n), such that, for all (p G Cc(fi), 

hm (/,,0) = (/,0) 

and, for all A; G N, 

ll/fcll^i ,(n) ^ ll/ll/fi ,(Q) ■ 

max^L^ / max,L^ I 

We briefly sketch the proof. Let / G B.]^^^ l(^)- Define = -P^-'^Z- Then, the decay of the 
kernel of P2-'' and / G L^(f2) imply f^ G L^(fi). It is obvious that cm < 

max,L max.L^ ' 

Using arguments analogous to 0, p. 776, which rely on the decay of the kernel of oiie 
obtains the weak convergence. ■ 

2.7 Proof of Theorem g 

We begin this section with the proof of assertion (a) in Theorem ^. 

H^{W) C Hl^^^j^{W): If a is an ifi(R")-atom, it is plain to see, using (Goo), that \\al\\^ < C 
(see, for instance, ||T5[|). 
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^max,L(^") C H\W): Consider first / G //^^^ ^(M") n L'^{W). Observe that, for all 2 in a 
sector with /i G 7r[, 







As a consequence, one has 



Id = 4 / (tL^'mL^'P,)'^, 
Jo t 



where the integral converges strongly in ^^(M"). Note that tL^/^p^ = -tdtPt. Thus, if / G 
L^(M"') and is continuous with compact support in M", one has 



+ CXD 



dydt 



f{y)<P{y)dy = A I {tdtP,){f){y){tdtP:) ^ 



We want to show that 



f{y)(l>{y)dy 



< C 



Hi 



") IIV^II_BMO{R") 



(9) 



(10) 



Well-known arguments from the theory of tent spaces (see I]!!], |30|) show that the right-hand 
side of (H) is bounded by 



c\\sfh^.^.)m\\. 



where Tcj) is defined in Section 2.5 with L replaced by L* and 



sf{x) 



"^\dtPJ{y)\'dydt] 



1/2 



ri(x) 



On the one hand, it is clear that sf < Sif where 5*1 is defined in Section and Proposition 
Bl shows that 



l'S'l/|lLl(Rn) < C 



Hi 



On the other hand, assertion (a) in Proposition |T2| yields 

L°°(IR") — ^ II*^IIbMO(R") 



This ends the proof of (|T0|). 

Up to now, we have proved that, when / G L'^{MP) n Hl^^^^{W), 



< C 



r(R") 



Consider / G if^^^^(M"). Let {fk)km be a sequence given by Lemma 0. Then, for all 



G M, since G i^Lxil^") ^ ^^(M"), one has 



Hi 



max.L^ > 
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Since H^iW") is the dual of VMO{R"'), there exists a subsequence {f^{k))km and a function 
g G iJ^(M") such that, for all G Cc(M"), {f^(k),<P) (fl',0)- Since Lemma |14| shows that 
{f<l>{k)A) {f,4>), one has f = g. Therefore, / G if^(]R") and 



We now turn to the proof of assertion [b) in Theorem ^. 
H^^{Q) C if^^2:L(^)- Let a be an atom of type (a) supported in a cube Q. Then, using 



(Go 



one sees that 11 a| 



< C (see ||l5l). If a is of type (5), write that Pta{x) 



Jq \pt{x, y) — pt{x, yo)] a{y)dy where yo is a point on dfl such that \y — yo\ ~ d{y, dQ) whenever 
y G Suppa (remember that Pt{x,yo) = since yo G dQ) and use this representation and (Goo) 



to show that 11 a I 



Hi 



< c. 



Hlnax,L{^) C Hla{n): As in the case of M", consider first / G H^ax,L{^) ^ L'^i^)- Arguing as 
before, one obtains that, if (p is continuous with compact support, one has 



fiy)(f){y)dy = 4 
n Jn Jo 




{tdtPt){f){y){tdtPnmy) 



dydt 



We want to show that 



f{y)<P{y)dy 



< c 



J (n) 



\BMO,,a{n) ■ 



Use the theory of tent spaces again (see [|ri|]) to obtain 



f{y)(j){y)dy 



<C\\SJl 



Li(n) IK riiL°°(n) • 



Proposition | shows that 
whereas assertion (6) in Proposition ^ yields 



'111 



(12) 



which ends the proof of ([T^). This inequality implies that there exists G > such that, for all 

f^Hi,.,L{^)nL\n), 

\\f\\HKm<C\\f\\H^ ^(H)- (13) 

Indeed, since BMO,{n) = BMO,^a{^) and H^^^i^) = H^{n) = (VMO,(fi))', we have that 
Hl^m ~ sup{|(/,0)|;0 G Ccin), UWbmo.,,^ = 1} (see Section p|). 
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One gets rid of the condition / G using Lemma Indeed, if / G if^^^ 2.(^)5 there 

exists a sequence {fk)km of functions in H^^^ l(^) H L'^i^), such that, for all G Cc(f2), 

hm (/,,0) = (/,0) (14) 

fe— >+oo 

and, for all A; G N, 

IIMIhi ,(n)<C|l/llH^ ,(n)- (15) 

By ([13|) and (|15D and Blip.) = Hl^{n), the /fc's are bounded in //^(fi). Since H^{n) is the 
dual of VMOz{^), there exists a subsequence {f(f)(k)) which converges *-weakly to G H^{fl). 
Then, (|l^ implies that f = g. Moreover, 

ll/II..V(.)-|l/llH,(n)<^ll/llHi..,(o)- 



We are now left with the task of proving assertion (c) in Theorem ^. We shall prove that 
Hlin) C Hi^^^^in) C Hh^in) since Hh^in) = HUn) C Hlin) by Theorem 

if^l^) <^ -^max'L(^)- Recall that pt{x,y) is the Poisson kernel for L. Recall that (Goo) and 
the subordination formula imply that 



\Mx,y)\<crUi + 



\x - y\ 
t 



-n-l 



and 

\pt{x,y) -pt{x,y')\ < Cr 



\y~y 
t 



/l \ ^ 



\x - y\ 



t 



for some v G (0, 1]. For alH > and x eVL, define 

\x - y\ 



F^M = tN 1 + 



t 



n+l 



Pt{,x,y). 



It is easy to show that 



and 



\F,Ay)\<c 



\y-y 
t 



\x-y 
t 



for all y, y' G VL. Thus, the function F^^t may be extended to a bounded Holder continuous 
function on fi, then on (see Chapter 6, p. 174, Theorem 3). If this extension is denoted 
by Fx^ti one has 



F.Ay) 



<CoC 
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and 



<CoC 



\y-y 
t 



for all y,y' E M", where Cq only depends on Q. Define now 



Pt(x,i/)=rMi + 



\x - y\ 
t 



Then, one has 



\pt{x,y)\<Cr^(l + 



\x - y\ 
t 



F.Ay)- 



-n-l 



and 



\pt{x,y)-PtM)\<Ct-- 



\y-u 
t 



n \ 



for all X & Q, y,y' ^ and all t > 0. Moreover, for all t > and all x,y & Q, pt{x, y) = 
Consider now a function / G Hl{fl), extended by outside fl, so that / G 



(16) 



(17) 

Ptix,y). 
M") and 



mm 



j^i(]Rn) • For all X E fl, one has 



Ptix,y)f{y)dy 



Ptix,y)f{y)dy. 



Using the atomic decomposition of / into i/^(]R")-atoms and the estimates (|T6|) and (|T7D for 
Pt, one easily deduces from (jTB]) that 

This ends the proof of the inclusion Hl{Q) C H^^^j^^Q). 

HLxJ^) C Hl;^{n): Arguing as in the proof of H^^^jn) C H^^in) under DBC, one 
proves that, for all / G H}^^^ j^ifl) fl L^(fi) and all function (p continuous and compactly sup- 
ported in 



f{x)(j){x)dx 



< C 



BMOcwm 



The proof uses the theory of tent spaces. Proposition Rl and assertion (c) of Proposition W2 



Then, one gets rid of the assumption / G L^(fi) as before, using Lemma 14 and the fact 
that Hq^^{Q) is the dual space of VMOcwi^l)- 
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2.8 Some consequences 

Assume the hypotheses of Theorem ^. We hst some consequences of the proofs. 

Each maximal Hardy space is characterized by the square functions Sif and sf being in 
L^. Indeed, we have aheady seen that ||s/||i < ||5'i/||i < C||/£||i and the argument via tent 
spaces and Carleson measures of Section 2.7 shows in fact that sf G imphes / is in an 
atomic space. As the atomic space is contained in a maximal space, we have a full circle of 
implications. See the forthcoming paper where a general theory for Hardy spaces defined 
through square functions of type sf associated to abstract operators L is developed. 

Each of the atomic BMO space, has a characterization in terms of Carleson measures. 



In other words, the converse to the inequalities of Proposition between BMO norms and 
1 1 T0 1 loo hold (provided satisfies an integrability condition as in We leave to the reader 

the care of checking this. 

2.9 "Easy" embeddings between Hardy spaces 

We prove part of Theorem for the global Hardy spaces. 



Assertion (al): It is proved in (p. 305, proof of Theorem 2.7, (1) ^ (2)) for local spaces 
and when Vl is bounded. We briefly recall the argument for completeness. Let / G H^{Q) and 
F G H^(R"') be an extension of / satisfying < 2 The function F may be 

decomposed into 

Q 

In this sum, we are only interested in the cubes Q which intersect Q. If 4Q C Q, consider aq as 
a type (a) atom. If 2Q C Q and 4Q fl dQ ^ 0, consider ag as a type (6) atom. Finally, consider 
the case when 2Q fl dQ ^ and perform a Whitney decomposition of Q (1 Q with respect to 

on-. 



QnQ = [jQ 



k 

k 



where each is a type (6) cube and decompose 



\Qk\ llaglgj 



Since each Qk is a type (b) cube, - — ami^'^'' — n~ is a type (b) atom. Moreover, 

\Qk\ WaglQ^W^ 

1/2 / X 1/2 

|l/2|i „1„ II ^ l^\n.\\ f 'S^ll.^l^ l|2 



'fc Il2 



k 

< 1. 
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Thus, we have obtained a decomposition of / = -F|^ into iJ^^(fi)-atoms. 

Assertion (a2): Let a be an H}. ^{yL)-aXom.. If a is of type (a), then its extension by outside 
VL is an i7i(M")-atom. Hence a eH^{n). 

If a is of type (6), let Q be a type (6) cube on which a is supported. We use the following 
claim, whose proof is deferred to Appendix B: 

Claim: There exists p g]0, +oo], such that if Q is a type (6) cube and i{Q) < p, there exists 
a cube Q G such that Q ~ \Q\ and the distance from Q to Q is comparable to i{Q). 
Furthermore, p = oo is '^fi is unbounded. 

Define an extension of a as follows: Let A{x) = a{x) if x & Q, A{x) = — a if x G Q. 

Let Qo be the smallest cube in containing Q and Q. It is clear that SuppA C Qo, ||^||2 < 
C\Qo\~'^^^, that / A = and that a is the restriction of A to Q. Hence, a G H^[Q) 

Assertion (bl): The inclusion ^{Q) C is obvious. We give the converse using an 

argument due to Lou and Mcintosh. 

Let a be an (f2)-atom associated to a cube Q. We want to show that a belongs to 
Hl^{Q). In fact, we are going to show that a can be written as a sum of type (a) atoms. 

If a is supported on a type (a) cube, we do nothing. If not, a is supported hj Q Hfl where 
Q is a cube centered in Q which is not of type (a). Since a is square integrable with mean value 
on the Lipschitz domain Q HQ, we can invoke the following corollary of a result by Necas 
|P5|| , Chapter 3, Lemma 7.1. 

Lemma 15. Let D be a bounded Lipschitz domain. The divergence operator is a (continuous) 
map from Hq{D)^ onto Ll{D) = {/ G L'^{D); j\jf = 0}.- there exists C > depending only 
on the Lipschitz constant of D such that for all f G L'^{D), there exists g G Hq{D)"' such that 
dtvg = fandJ^\Vg\'<Cj^\f\'. 

Indeed, Necas proves that the gradient operator is one-one with closed range from Lq{D) 
into H-^{DY with ||V/|| H~^(D)^ ^ C'||/||2 and controls the constant. 

Hence, pick b G HQ{Qr\VL)^ with a = divb and J |V6p ^ C* J |ap, the constant C depending 
only on the Lipschitz constant of QCiQ, henceforth only on Q. Extend 6 by outside of QnQ. 

Pick a Whitney decomposition (Qk) of fl by cubes from a dyadic grid (of M") containing Q 
and so that 8Qk C Q. Again 

keK 

and 

Y,\Qk\ = \Qnn\. 

k&K 

for some index set K. Let (77^) be a smooth partition of unity associated to this covering with 
Tjk supported in 2Qk and \\r]k\\oo < 1 and ||V?7fc||oo < C{i{Qk))~^. Write a = Y^keK ^^^iVkb) and 
set 



25 



whenever this number is not zero. Otherwise set = and ak = 0- It is clear from its 
construction that ak is a type (a) atom. It remains to show that ^ Afc < C independent of Q. 
By Cauchy-Schwarz inequality this sum does not exceed 



1/2 



\div{r]kb)[' 



so it suffices to establish that the second term S is controlled by ||a||2 + ||V6||2. 
To this end, write 



1/2 



\r]ii.divb\' 



2Qk 



1/2 



2Qfc 



For the term containing divh = a using the finite covering property of the cubes 2Qk which leads 
to the bound C||a||2. For the other term, observe that when x G 2Qk then d{x,dQ) ~ i{Qk)- 
Hence, this and the finite overlap property of the cubes 2Qk lead to 



\kGK 



1/2 



< 



2Qfc 



c E 



\keK 



b{x) 



d{x, dil) 



1/2 



dx 



< C 



b{x) 



d{x, Oil) 



2 \ 1/2 
dx 



Now use Hardy's inequality (see, e.g., |jT3|, Chapter 1, Section 5) 



b{x) 



d{x, dVl) 



1/2 



dx 



< 



Qnn 



b{x) 



d{x,d{Qnn)) 



2 \ 1/2 

dx < C\\Vb\\2 



since b G Hq{Q fl Q) and Q H is strongly Lipschitz and bounded. Note that the constant C 
in this inequality depends only on the domain Q and not, in particular, on the size of Q (by a 
scaling argument). This ends the proof of assertion (61). 



Assertion (62): It is obvious that Hl^^iVt) C Hl{Q). 

Remark 16. Let us see that Theorem (a2), is sharp. Let us take = M \ [0, 1] (although 
Q is not connected: the calculations are the same in any dimension). Let a = —{2N)~^X[i^^3]^-^ 
where N is a positive integer. Then a is a type (6) atom. Suppose that the continuous embedding 
H^^ai^) C H^i^) holds. Then ||a||Hi(c) < C uniformly with respect to N. Pick A e iJ^(M) 
with norm not exceeding C + 1 and whose restriction to Q is a. Since J^A = it must be that 
-^j A = 1. Observe that 

pN/4 

\\A\\h^r)>c sup \(f)t * A{x)\ dx 

J2 2<t<N/2 

by the maximal definition of H^{W) with smooth, supported in [0, 1] and (f){x) > forx g]0, 1[. 
Write for x G [2, and t G [2, N/2] 

(f)t*A{x)= ! {(f)t{x-y)-(j)t{x))A{y)dy + (j)t{x). 
Jo 
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Then, for all x in that range, the support condition of (p implies that sup2<t<N/2 \ 4't{x)\ > C/x 

while sup2<t<N/2\ loiM^ - y) - 4>t{x))A{y)dy\ < Cjx^. We obtain therefore, ||y4||Hi(R) > 
ClniV, which is a contradiction. 

2.10 Duality results and BMO embeddings 

We prove the parts of theorem |^ left aside in Section p73 , 



Assertion (a): It is plain to see that, if G BMOz^a{^)i (p defines a bounded linear functional 
C on H^^in) with \\C\\ < U\\BMO.,am- 

Consider now a bounded linear functional C on H^^{Q) and assume that ||£|| = 1. For 

all cube Q C Q of type (a), define = |/ G ^^(Q); /(x)rfx = o|. Then, for all 

/ G LKQ), I is a type (a) atom, so that C defines a bounded linear functional on 

LKQ). As a consequence, there exists bq G L^Q) such that, for all / G L^Q), 

= f{x)bQ{x)dx. 

JQ 

1 /2 

Moreover, ||6q||2 < \Q\ ■ Similarly, if Q is a type (6) cube, C defines a bounded linear 
functional on L'^{Q) and there exists bq G L'^{Q) with ||&q||2 < IQl^^"^ such that, for all / G 



= f{x)bQ{x)dx. 

JQ 

Observe that, whenever Qi and Q2 are type (6) cubes, bq^ and coincide on Qi nQ2- Indeed, 
whenever / G L'^{Qi) fl L?{Q2)^ one has 

= j fi^)bQiix)dx = J f{x)bq2{x)dx. 

Similarly, whenever Qi is a type (a) cube and Q2 is a type (6) cube, — bq^ is constant on 
Qi n Q2- Indeed, whenever / is supported in Qi fl Q2, f G L^(Qi) H L^{Q2) and has zero 
integral, one has 

= j fix)bQiix)dx = j f{x)bq2{x)dx. 

The key observation at this point is that for any x G $1, there exists a type {b) cube that 
contains x and one defines b{x) = bq{x) where Q is any such cube. This definition is consistent 
because of the previous remark. 

Consider now a type (a) cube Q. Then, Q is contained in a type (6) cube, hence there exists 
cq G C such that b = bq + cq on Q. One has 
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If Q is a type (6) cube, 

Hence, II^'II^mOz a(n) — easily checks that 

^f- j f{x)b{x)dx 

whenever / is a finite hnear combination of atoms of type (a) or (b) in H^g^{D,). 

Assertion (&): Let be a function in BMOz{^). Denote by D(R") the vector space generated 
by //^(R'^j-atoms and by Dr{n) the space of restrictions to O of functions in DiMT'). By 
definition and density of D{W^) in if^(R"), one has that Dr{^l) is dense in H^{^) and for 
/ e Dr{Q), = inf ||F||ffi(Rn) where the infimum is taken over all F e D{M.^) which 

coincide with / on Q. For / e Dr{fi), define 

>C/ = / f{x)<P{x)dx. 
Jn 

Then, for any function F G D(W^) which coincides with / on ^2, one has 



F{x)(f){x)dx 



_ffl(R") WrllBMO^iO.) ' 



which shows that 



Hence the dual of H^{Q) contains BMOz(Q). 

Conversely, let £ be a bounded linear functional in H^{Q). For all / e define 

The definition of the norm in H^{Q) shows that £ is a bounded linear functional on 
for all / e H^W), 



Therefore, 



< ||£||. Since fiMO(M") is the dual of H\W), there exists G BMO{W') 



such that, for any finite linear combination of if^(M")-atoms, 
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As a consequence, 



Observe that, if / is any if ^(M")-atom supported outside Q, C{f) = 0, which shows that (p is 
constant on each connected component of '^Q. Fix two such components C 7^ C. We let c, c' 
be the value of (p on C, C respectively. Let Q and Q' be two cubes of same size respectively 
contained in C and C. Define a{x) = 1, x G Q and a{x) = —1, x G Q'. Then, a is a multiple 
of an ii^(]R")-atom with support contained in the smallest cube of R" containing Q and Q'. 
Since its support is contained outside of fl, we have C{a) = 0. By construction of a, we have 
£(a) = c\Q\ — c'\Q'\. Hence c = c' and cj) = c outside Q. 

Let = - c. Clearly, 0|„ G BMO,{n). If / = F,^ with F G ^(M"), one has 



£(/) = = / F{x)4>{x)dx = [ , 



f{x)(j){x)dx. 

Jm." Jn 

This proves (H^n))' C BMO.ip). 

We now show that the dual of VMO^iVt) is Hlip). This is a consequence of the following 
Banach space principle. If X is a Banach space and F is a closed subspace of X, then Y' is 
isometric to X'/Y^, where = {L G X' : L{y) = Vy G Y}. Here, we have X = VMO{W) 
and y = VM0,{^1). 



Assertion (c): is in [|T2| with minor changes due to our modification of definition. 



Assertion (d): We apply the above abstract principle with X = if^(M") and Y = Hl{Q). 

Assertion (e): That {H^^{Q)y C BMOz,a{^) is straightforward. The converse is already 
observed in Section [27^ . 

3 Local Hardy and BMO spaces on strongly Lipschitz 
domains 

We now give localized versions of the previous results. 
3.1 Local Hardy spaces 

We first recall the definition of /i^(R") and its atomic decomposition from [jl7 . 



Definition of h^{W): Let G S{W) be a function such that /jg„ (t){x)dx = 1. For all t > 0, 
define 0t(x) = t~"0(x/t). A locally integrable function / on is said to be in h^{W^) if the 
maximal function 

m/(x) = sup |0i * f{x)\ 

0<t<l 
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belongs to L^(R"). If it is the case, define 



One has if^(]R") C h^{W^). It should be noted that a function in /i^(]R") does not necessarily 
have zero integral. We note that other maximal functions sup \(f)t*f{x)\ with 5 > would 

0<t<5 

lead to an equivalent norm. 

Replacing t > by < t < 1 in (|1[), one obtains a characterization of /;,^(M") in terms of a 
non tangential maximal function associated with the heat or the Poisson semigroup generated 
by A (see ll^). 



Atomic decomposition of /i"'^(]R"): A function a is an /i^(R")-atom if it is supported in a 
cube Q, satisfies ||a||2 < IQT^''^ and has mean-value zero if i{Q) < 1. Then, / G h^CR"") if and 
only if / = AqOq, where the oq's are /i^(R"')-atoms and |Aq| < oo. Moreover, ||/||fti(]gn) 
is comparable with the infimum of \ Xq\ taken over all such decompositions. 

We now turn to local Hardy spaces on fl. As for global spaces, three categories of local 
Hardy spaces on Q may be considered. The first category are restriction spaces. 



Definition of hl{Q) and hl{Q): The spaces hl{Q) and hl{Q) are defined in the same way 
as H^{^) and replacing H^{W^) by /^-'^(IR"). Observe that hK^l) is a strict subspace of 

hl{n) (see §, Proposition 6.4). 

The second category is made up of atomic spaces. Here, we adopt definitions different from 
and 0. We feel they are more natural ones. 



Definition of type (a) and type (6) local cubes: Let 5 > 0. A cube Q is a type (a) local 
cube if i{Q) < 6 and iQ C ^2, a type (&/ar) local cube if i{Q) > 6 and iQ C Q, and a type 
{bciose) local cube if 2Q C VL and AQ fl dVL ^ 0. The type (6) local cubes are those of type (&/ar) 
or {bciose)- We always arrange 5 so that the class of type (&/ar) local cubes is not empty. To 
simplify the exposition, we fix 5 = 1. 



Definition of type (a) and type (6) local atoms: A measurable function a on f2 is called 
a type (a) local atom if it is supported in a type (a) local cube Q with 

||'^||2 ^ \Q\ cind j a{x)dx = 0. 

A measurable function a on is called a type (&/ar) (resp. (&c/ose)) local atom if it is supported 
in a type (&/ar) (resp. (&dose)) local cube Q with 

\\a\\, < \Q\-'/' . 
Note that type (6) local atoms do not have mean value zero. 
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Definition of A function / defined on ^2 belongs to hl,^{^) if 

(a) (6) 

where the ag's are type (a) local atoms, the 6q's are type (6) local atoms and ^ |Aq| + ^ |/xq| < 

(a) (6) 

+00. Define as the infimum of ^ |Aq| + ^ over all such decompositions. 

(a) (6) 

Definition of A function / defined on Q belongs to hl ,^{Q) if 

(a) (bfar) 

where the oq's are type (a) local atoms, the 6q's are type {bfar) local atoms and XI |Aq| + 

(a) 

X] |a*q| < +00. Define WfWf^i as the infimum of X] |Aq| + X] Ia*qI over all such decomposi- 
tions. 

Definition of h]^yy{il): An /i^'iy (r2)-atom is a function a supported in Q n fi, where Q is a 
cube centered in ft (but not necessarily included in Q) with 



9 ^ — -7^, and if £(Q) < 1, f a(x)dx — 0. 



alio < 



A function / is in hQy^{fl) if it can be written 

Q 

where the aqs are h\mr{iX)-aXoms, and X] I^qI < oo. The norm is defined as usual. 

Q 

Remcirk 17. Each global Hardy space is contained in the corresponding local space. Also, 
h\g^{p) and h\{Q) are respectively strict subspaces of h].J^) and h].{Q). If fl is bounded, 
one can see that hl^^{n) = H^^in), hl{n) = H^{n) and that /icvk(^) = ^(7vk(^) + ^^n, 
hl^{Q) = Hl^{Q) + CXq, and hl{Q) = Hl{Q) + CXq. Here Xq is the indicator function of 
fl. All these facts but the inclusion hl{fl) C Hl{fl) + CX^ are easy to prove. For the latter 
one uses the following observation using maximal characterizations: if f & has compact 

support and vanishing mean, then f e if^(]R"). Details are left to the reader. 

These local Hardy spaces compare as follows. 

Theorem 18. (a) = 
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(62) hl,{n) = hl{n). 

Note that (a) holds with no restriction on Q while it is not true for global Hardy spaces. 
We admit this result for the moment but the inclusion hl{Q) C hl^{Q), which will be seen 
in the course of proving the next theorem. 

Finally, we consider the third category of local Hardy spaces. 



Definition of /imax,L(^)- If = {A,^,V) is a second order elliptic operator in divergence 
form and if / G Lj^^{Q) with slow growth, we say that / G h]^^^ ^(fi) if 



fiocA^) = sup 

\y-x\<t<l 



f{y) eL\Q). 



Define 

/' ' * II 
, ioc,L||]^ 



hi , 

max,L 



It is evident that ^(fi) C /iLx,L(^)- 

The local version of Theorem ^ is as follows. 

Theorem 19. Let Q = 'R"' or Q be a strongly Lipschitz domain, and L = {A, Q, V) satisfying 

(Goo). 

(a) Onehash\R-) = hl,,^^L(R-). 

(b) Assume that L satisfies the DBC. Then, one has /i^^(fi) = hl^^^ j^{Q) = hl{Q). 

(c) Assume that L satisfies the NBC. Then, one has hl^{Q) = hj^^^ = hl{Q). 



Proposition 20. For a bounded Lipschitz domain, statements (h) and (c) in Theorem [7^ hold 
for L = {A,Q, V) satisfying (Gi). 

This result applies when the coefficients of A are complex-valued BUG functions or in the 
closure of BUG in bmo (See [^). 

Remark 21. When Q is bounded and L satisfies (Gi), h}^^^ j;^{fl) = H^^^j^{fl). Indeed, one 
inclusion holds. For the converse, consider x ^ Q, t > 1 and y & Q satisfying \y — x\ < t. 
Lemma 1^ in Appendix A yields 



\Ptfiy)\< I —^^\fiz)\dz<c,,,,. 

t + \y — z\ 



n 



As a consequence, for all x & Q, 

l/£(^)l<G(|/;,,,Ja:)| + 11/110 

and 

ll/2lli<G'(||/L,^||^ + 11/11,). 
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The strategy to prove Theorem ^ and Proposition ^ is essentially the same as for the 
global spaces: we need a few local 6mo-spaces and some duality results, comparison between 
maximal functions and area functionals, and the theory of tent spaces. 



Remark 22. Assertion (c) in Proposition ^ applies to the Neumann Laplacian on a bounded 
fl. Together with Remark this completes the proof of Theorem^, (62). 

3.2 hmo spaces 

A locally square-integrable function / on M" is said to be in 6mo(]R") if 




Define vmo{W^) as the closure of Cc(M"') in hmo{W."'). It is well-known that hmo(W^) is the dual 
of /ii(M"), which is the dual of vmoiW) fl^. 

Define hmOz{^)., vmOz{VL) and hmOj.{VL) analogously to the corresponding global BMO or 
VMO spaces, replacing BMO{W) by hmo{W) and VMO{W) by vmo{W). 

A locally square-integrable function / on f2 is in femor a (fi) if 




where sup (resp. sup) means that the supremum is taken over all type (a) (resp. (6)) local 

(a) (6) 

cubes. 

A locally square-integrable function / on f2 is in bmOr,a{^) if 




A locally square-integrable function defined on Q is in bmocwi^) if 
ll'i^llLocH'(n) = sup f sup 1^ I / \(p{x) - ^Qnnf dx, sup , / < +oo, 

where the cubes have center in Q. The space vmocwi^) is defined as the closure of Cc{fl) in 

The duality results for local spaces and the comparisons between bmo spaces are the same 
as for the global spaces. Let us state them for completeness. 

Theorem 23. (a) The dual ofhl^iVL) is bmOz^a{^)- 

ip) The dual of hl{Q) is bmOz{^), the dual of vmOz{^) is hl{Q). 
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(c) The dual of h}jy^{yL) is hmocwiP), the dual of vmocwiS^) is h}jy^{yL). 

(d) The dual of h\{VL) is bmOr{Q). 

(e) The dual of hl^^{fl) is hmOr,a{^)- 

Theorem 24. (a) bmOz,a{^) = &mOz(fi). 

(61) bmocwi^) = bmor^ai^) ■ 

(62) bmOr{^l) = bmOr^ai^)- 

Again, the difficuh parts are {hl^^{Q))' C bmor^ai^) bmOr^ai^) C bmOr{^), which are 
proved using Theorem ^ (c) and Theorem ^ (61). 



3.3 Proofs of equalities between local Hardy spaces 



Proof of Theorem [T9| . In each case, the most involved part is to imbed our maximal space 
into an atomic space. We concentrate on this. 



One has the local statements corresponding to the results in Sections and |2.5| , in which 
the square functions and the Carleson measures are truncated at some fixed time t < to, say 
for example t = 1. Except for some technical adjustments the proofs are the same and left to 
the reader. 

The idea is to use this in the representation formula / = /i + /2 where 



/i = 4 [\tL'/'mL'/'PJ)^ 
Jo ^ 



and f2 = \{2L'" + I)PiPif for / G H L\n))^ 

For /i, we proceed using the tent spaces again and then eliminate the requirement that 
/ e L2(n) to obtain /i e h\W) or h\^{Sl) under DBG or /i^vk(^) under NBC. 

Let us consider /2. The idea is to prove that /2 G /i^,^(f2) in each case. Indeed, when 
n = W we have h\;w{W) = h^(W^), under DBC ^ hl.^{n) from the definitions of 

theses spaces and easy arguments, and under NBC, /i^^^ (fi) = hi ^{Q) from Theorem |TB|, (bl). 

Here is the argument. Assume first Q = R". Observe that Pif = g is bounded by f^^ci 
which is in L^(R"). Also since L^/'^Pi = —dtPt \t=i the subordination formula yields that the 
kernel K{x,y) of (2L-^/^ + I)Pi is bounded by ck{x,y) with k{x,y) = (1 + |a; — y\)~^~^- 

Take (Qk) be a covering of by cubes with size 1 obtained by translation from the unit 
cube [0, 1]". Let (rjk) be a smooth partition of unity associated with this covering so that rjk is 
supported in 2Qk- Then one has 

f2{x) = ^6fc(x) 

k 

is bounded and V — W'^''^{fl) then the formula holds if f^f = 0. If the mean of / is not zero, then it 
applies to / = / — cAji with the constant c so that the mean of / is zero. Conclude with X^^ G h^y^{Q?). 
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where 

bk{x)=r]k{x) K{x,y)g{y)dy 

1 /2 

Observe that bk is supported in 2Qk- Set Aa; = \2Qk\^/'^ (J l^feP) • We have 

Xk<c\2Q,\'/'( [ I / kix,yMy)\dy\'dx] ' . 

Observe that k{x,y) < cmi\x_z\<2k{z,y) for all x,y E M". For x G 2Qfc, since l{Qk) < 2, 
< cinf2g2Qfc ^(-2,2/) for all y. Hence 

Afe < c|2Qfc| / inf < // X2Q^{x)k{x,y)\g{y)\dydx 

and it follows from the finite overlap property of the family {2Qk) that 

^h<c jj k{x,y)\g{y)\dydx<c\\g\\i<c\\f\\hi^^^^^^^^). 

k 

If we set ttfc = ^k^bk when 7^ 0, then is an (W^)-a,tom. Thus, /2 G /;,^(]R") with 

Assume now that Q is strongly Lipschitz and L satisfies either boundary condition. Let 
{Qk) be a covering of Q with cubes of M" such that £{Qk) = 1- We keep only those cubes 

1 /2 

which intersect Q. If Qk has center in f2, we set A^ = \2Qk fl (J . If Qk has center 

outside of fl, then we replace Qk by with center in QkHQ and = 2i{Qk) and define 

~ 1 /2 

Afc = |2(5fc n (/ . With these modifications of A^, we see from the same argument 

that Ofc is an /i3^Ti/(f2)-atom and that |Afc| < c||/|Li m-i remarking that all integrals should 

^ ^ — ' ' II II inax,L^ ' 

take place on Vl. 



Proof of Proposition [20| . We want to relax the condition (Goo) to (Gi) when Vt is bounded. 
The same arguments works once we make sure of small time decay estimates for the Poisson 
kernel. This is proved in Appendix A. 

Proof of Theorem |l^. The proof of (a) is as in the global case and is skipped. 

The proofs of h\^{yL) C h^jy^iVt) and h\^{yL) C h\{yL) are straightforward from the defini- 
tions. 

It remains to prove h}j^r{yt) C h\ Because of Remark [l^ and the global case, this is 



already known if VL is bounded. We assume next that VL is unbounded. Let a be an /i^^^z-atom 
supported on a cube Q centered in VL. Since VL is unbounded, we have IQ n r2| ~ \Q\ (see 
Appendix B). 

If 1{Q) < 1, we proceed as in the global case. Either a is a type (a) local atom or can be 
decomposed into a sum of type (a) local atoms. 

Assume £(Q) > 1. If a is a type (6/ar) local atom, we are done. It remains to argue when 
Q is close to the boundary, ie AQ fl dVt 7^ 0. In this case, we claim there exists a type (&/ar) 
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local cube Q' with (i{Q') = i{Q) and the distance between Q and Q' is comparable to i{Q) (See 
Appendix B). Define d = a — ( Iqnn ^)'^Q'- Then a is a multiple of if^^y(fi)-atom (supported 
in cQnQ for some constant c that does not depend on Q) , thus aEHlJ^(lh\ ^VL. Now, d — a 
clearly is a type (&/ar) local atom, hence it belongs to h\^^{VL). 

4 Other maximal functions 

As a consequence of the atomic decomposition for the maximal space, one may use other 
maximal functions, such as the vertical and the non-tangential maximal functions associated 
with e~*^. More precisely, the following holds: 

Theorem 25. Let L = {A,il,V). Assume that = R" or that be a strongly Lipschitz 
domain of M" under DBC with ^VL unbounded or under NBC. Assume also that L and L* 
satisfy (Goo)- The following are equivalent: 

sup |e-*^/(x)| e Li(fi), (19) 
t>o 

sup |e-*^/(i/)| GLi(fi), (20) 

\x-y\<Vt 

f e i^Lx,L(f^), (21) 

One also has the analogous local statement, replacing i/j^ax l ^max l '^'^^ t > by < t < to 
for any to > without restriction on fl. Moreover, if Q is bounded then (Gi) suffices. 

The new assumption that L* satisfies (Gr) simply means that (^ holds for Kt{y,x) too. 
Again, when L is real, this is not a supplementary hypothesis. 

We write the proof for global spaces, under DBC when '^Q is unbounded for example. We 
have already proved (Theorem ^) the implication (^) ^ / G H^^{Q) and the implication 
/ G H^^{Q) =^ (|19D is an easy consequence of the estimates for Kt (as the proof of / G 
H^^in) / G Hl^^^in)). We therefore turn to the proofs of (||) (||) and (||) ^ (|f[). 

The argument for (p!9D =^ (^) relies upon the comparison between the norms of two 
maximal functions and is inspired by fl^, p. 185. For all a > and v : ilxJO, -|-oo[— C set 



<(x) = sup \v{y,t)\. 

\y—x\<a\/t 

If / G L}^^ with slow growth, set 

u{x,t) = e~^^ f{x), u^{x) = sup \u{x,t)\ , u*{x) = u[{x). 

t>o 

Recall that we assume (Goo) so that slow growth insures that u is well-defined. 



36 



Finally, for all e > 0, all G N and all x E Q, consider 

KA^) = sup \u{y,t)\ ( ) {l + 6\y\) 



\y-x\<Vi< 



-1 



-N 



and 



Ul^{x)= sup [t^\] Hy,t)-u{y\t)\[^—] + 

\y-x\<^ft<e-^, \y'-x\<Vt<e-^ WV ^ V \ J Wt + E/ 

for some /i > to be chosen later. 

We intend to show the following proposition: 

Proposition 26. There exists C > such that, for all f G Ll^c> ll^*lli — ^ ll^^lli- 

Notice first that the L^-norm of m* is controlled by the L^-norm of u*. More precisely, the 
following holds (see |T^, Lemma 1, p. 166): 

Lemma 27. There exists C such that, for all continuous function v on Q x ]0, +oo[ and all 
a> 0, 

\K\\i<Ca^\\v*\\i- 

Note that this inequality holds if v is truncated for t > to- 
The proof of Proposition ^ relies on the following observation: 

Lemma 28. Assume that u* E . Then 

||t4*7v|li ^ llMg^Arll-^ , 
where C is independent on e, N and u. 

Fix X G f2 and consider ?/, y' and t such that \y — x\ < \/t and \y' — x\ < \ft. Define also 

v[y, t) = u{y, t){l + e ( ) X]oMi^Vt) 



Vi 



so that vl = Ue^N- Start from 



uiy, t) - u{y', t) = {Kt/2{y, z) - Kt/2iy', z)) u{z, t/2)dz = Jq + ^ 4, 

•^^ k>l 



where 



and 



Io= \Kt/2{y,z) - Kt/2{y',z)\\u{z,t/2)\dz, 

J\z-y\<Vt 

-- [ \Kt/2{y,z) ~ Kt/2{y',z)\\u{z,t/2)\dz. 
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Using (1 + ^l^l)^ < (1 + + 2^')^ if \z - y\ < 2^Vt and e^t < 1 and 



e 



I \Kt/2{y,z) - Kt/2{y',z)\dz < c . 

'2*-iv^<|2-y|<2'=v^ V yt 

for some /i > and a > from (Goo) for L*, we easily get 



Therefore, 



V k>l ) 



Lemma follows at once from Lemma ^ ■ 

We now prove Proposition following |jT^, p. 186. Consider / such that G 



and G N large enough, so that one easily derives that m*^ G for all £ > 0. Define 
Ge,Ar = {x G fi; U* j^{x) < Bu* Ar(x)} for some 5 > to be chosen. Then, one has 

provided that B is large enough. 

Moreover, for almost all x G Gs,n, one has < CM(x), where 

l/r 



M(x)=sup — — - / u+iyYdy 

with < r < 1 (in this definition, the cubes are centered in fl). Indeed, let x G Gs,n for which 
j^{x) < oo. There exist y, t such that \y — x\ < \/t < and 



Since x G Ge^at, if |z — x| < and \z' — x\ < \ft^ one has 

\u{z,t)-u{z\t)\[-^^ (l+.|;^|)-^<2i?Ky,t)|(^-^ ' 

hence, 

\u{z, t) — u{z , t)\<c \u{%j, t)| . 
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It follows that 



\u{z,t)\ > - \u{y,t)\ 



when z & A = |w; \w — x\ < \^ and \w — y\ < Therefore, when z E A, one has 



Hence, 



\u{z,t)\ >^\u{y,t)\ (^1^ 



M{xY > 



N 



\B{x,2y/i)\ jB{x,2Vt) 



u^izYdz 



> 



|i?(x,2v^)| JB{x,2Vt) 



> C I -M* ^(x 



\u{z, t)\^dz 



\B{x,2Vi)\ 



> cui^ixy. 

Finally, using the fact that 1/r > 1, one obtains that 



'^*e,N{^)dx < 2 / ul^j^{x)dx 

£1 J 



< C M{x)dx 

■J Ge,N 



< C M{x)dx 
Jn 



< C u+{x)dx 
Jn 



where C does not depend on e. Letting e yields < C||'U'^||i and ( ]20| ) is proved. 

To complete the proof of Proposition |2^, it remains to see (|20|) =^ ( ^I]) . This follows easily 
from the subordination formula (R) and Lemma 27. ■ 



Appendix A: Kernel estimates 

In this Appendix, we derive some consequences of the Gaussian upper bounds @ which we 
assume to hold for < t < r. The first consequence is that an estimate of the form (|^) holds 
for tdtKt{x,y) by analyticity of the semigroup (See [||, Chapter I, Lemma 19). 
We first claim the following: 
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Lemma 29. Assume that r = 1. Then, for allt > 1 and all x,y E ^, one has 

\Ktix,y)\<Ce~'^^. 
The proof relies on the following L^-maximum principle (see [TEl): 



Proposition 30. Assume that A G A{c). Let u{x,t) be a function on Q x ]0,+oo[ satisfying 
dtu{x,t) + Lu{x,t) = on Q. Then, if ^ : Q x ]0, +oo[ ^ M. is locally Lipschitz and satisfies 
the relation 

dtax,t) + a\Vax,t)f <0, 

where en = the function 

I{t) = [ |u(x,t)|'e«("'*)dx 
Jn 

is non increasing in t > 0. 

Indeed, for alH > 0, one has 

r{t) = 2Re [ dtu{x,t)u{x,t)e^^''^'^dx+ [ u{x,t)u{x,t)dt^{x,t)e^^''^'^dx 
Jn Jn 

= -2Re / LM(x,t)M(x,t)e^(^'*)rfx-a / u{x, t)u{x, t) \Vcc^{x, t)f e^^'^'^Ux 
Jn Jn 

= -2Re / A{x)Vu{x, t)Vu{x, t)e^^''^^^dx - 2Re / A{x)Vu{x, t) V^(x, t)u{x, t)e«('^'*)rfa 
Jn Jn 

t)u{x,t) \ V^^{x,t)fe^^''''Ux 

Jn 

< -2c [ \Vu{x,t)fe^^''''Ux + 2c-^ [ \Vu{x,t)\\V^{x,t)\\u{x,t)\e^^''^'Ux 
Jn Jn 



'n 



< {-2c + c-^/e) [ |VM(x,t)|^e«(^'*)rfx + (£c-^ -a) [ \uix,t)f \V^^ix,t)f e^^'^^'^dx 
Jn Jn 

= 0. 

In the previous computation, e = ac = Proposition BOl is therefore proved. ■ 
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In order to prove Lemma |2^, observe that, for /5 > small enough (namely, P < the 
function ^{x,t) = satisfies the assumptions of Proposition Then, write 



\Kt{x,y)\ 



< 



< 



2 \ 1/2 



'dz 



\Kt/2{x,z)\^ e""^ t ' dz 



9 \ 1/2 9 

|2 nh^y\l , \ _a\^-y\^ 



Kt/2{z,y)\ t dz] e 



n 



\Ki/2{x,z) 



1/2 / \ 1/2 _ 2 

'e^\^-z\^dz] I I \Ki/2iz,y)\^e''\'-y\'dz] e-'i t 
n J 



As a consequence of the upper bounds for Kt^ we get the following estimates for the Poisson 
kernel: 

Lemma 31. (a) Assume that r = +oo. Then, for all t > 0, all x,y & Q, 

\Ptix,y)\< 



71+1 ' 



{t+\x-y\) 

{h) Assume now that r = 1 and VL is bounded. Then, for all < t < 1, all x,y E fl, 

Ct 



\Pt{x,y)\ < 



{t+\x-y\) 



71+1 • 



For all t > 1, all x,y & fl. 



\Pt{x,y)\ < 



Ct 



it+\x-y\) 

By analyticity, the same estimates hold for tdtPt{x,y) . 

Just use the subordination formula (0) and the upper estimates for \Kt{x,y)\. 
We now summarize L^-estimates for VKt{x, y) that follow from the assumption (^) and the 
Caccioppoli inequality (see 0, Proposition 15): 

Proposition 32. (a) Assume that r = +oo. For all x E Q, all t > and all r > 0, 

1/2 



VyKt{y,x)\Uy\ KcCct--—^ 



n-2 

P. ^ t , 



' r<.\x—y\<.2r 

(b) Assume that r = 1. Then, for all x E Q, all < t < 1 and all r > 0, 

1/2 



\VyKt{y,x)\ dy) < cCct ^ 41 | e 

r<\x-y\<2r J \vt 



1 / r \ 2 2 
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For all X G fi, all t > 1 and all r > 0, 



/ r \ 1/2 

\Jr<\x-v\<2r J 



' r<.\x—y\<.1r 

As a consequence of Proposition the following holds: 
Lemma 33. For all a; G fi, denote by 6{x) the distance from x to dQ. 
(a) Under NBC, for all x eQ, 

dtKt{y,x)dy = 0. 



(b) Under DBC, for all x E for allO <t <t, 

dtKt{y,x)dy < ye « . 

Under DBC, if Q is bounded and t = 1, for all x E Q and all t > 1, 

f C 

/ dtKt{y,x)dy < —. 

Jn 

Under NBC, one has e~*^l = 1, whence assertion (a) holds. 

To prove the first part of assertion (6), choose ipi G C^{VL) such that ipi{z) = 1 if d{z,y) < 
5/4, = iid{z,y) > 5/2 and ||V^i||^ < C/5. Here 6 = 5{x). Define ?/^2 = 1 - V^i- Then, 

one has 



dtKt{y,x)dy= / dtKt{y, x)ipi{y)dy + / dtKt{y, x)ip2iy)dy. 
n Jn Jn 



But Lemma 32 shows that 



LyKt{y,x)tlJi{z)dz 



AVyKt{y,x)VyiJi{y)dy 



< C 



'<d{z,y)<^ 



\VyKt{y,x)\\VyMy)\dy 



< Ct-^-^ ( i=) ' e-^'^S'- 



C f 6 



t \Vi 



n-2 



e ^ « . 
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Moreover, 



dtKt{x,y)ip2{y)dy 



< / \dtKt{x,y)\dy 

J\y-x\>S/2 

C .s^ 

- t 



For the second part of assertion (6) , we have 



\d,K,{x,y)\dy<^. 



From these estimates and the subordination formula, we deduce the following: 
Lemma 34. For all x & ^, denote again by 5{x) the distance from x to dD,. 

(a) Under NBC, for all x efl, 



f 

Jq 



dtPt{x,y)dy = 0. 



(6) Under DBC, if r — +oo, for all x & D,, 

dtPt{x,y)dy 



n 



~ t \ t 



Under DBC, if ft is bounded and t — 1, for all x & ft and < t < 1 

-1 



dtPt{x,y)dy 



5{x) 



Let us prove the second point of part (b). By differentiating the subordination formula, one 



has 



/ 



dtptix, y)dy^ — / —dsK,(x, y)L _t2 e~''u~^''^dudy. 



Break the integral at u ^ t^/A. The part for u > t^/A is controlled by y ^1 + . The part 

for u < t^/A is bounded by f J^'^'^ e-'^u'^/^du < c. Since t + 5{x) < 1 + diam(Q), we obtain 

c < J ^1 + ■ This concludes the proof. ■ 

We leave to the reader the care of studying what happens to regularity estimates for small 
time ior pt{x,y) when (Gi) holds. 
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Appendix B: Elementary geometry of Lipschitz domains 



A strongly Lipschitz domain is by definition a domain in MP whose boundary is covered by a 
finite number of parts of Lipschitz graphs (up to rotations) at most one them being infinite. 
A special Lipschitz domain is the domain above the graph of a Lipschitz function defined on 

Let f2 be a strongly Lipschitz domain. 



There exists a finite covering of M" by open sets Ui,U2, ■ ■ ■ ,Us with at most one of them 
being infinite such that for each k either f/^ fl = or there is a special Lipschitz domain 
Qk and a rotation Rk in R" such that Uk Ci Q = Uk Ci Rk{^k)- 

There exists a cube Qo such that either Q G Qo or there is a rotation R and a special 
Lipschitz domain Qq such that ^Qo H f2 = ^Qo H -R(fio)- 

There are constants p g]0, +oo] and C > such that if Q is a cube centered in Q and 
KQ) < P then IQ n r^l > C\Q\. When is a unbounded, p = oo. 



There exists p g]0, +00 
cube Q C '^Q such that 



, such that if Q is a type (6) cube and i{Q) < p, there exists a 
Q = \Q\ and the distance from Q to Q is comparable to the side 



length of Q. Furthermore, p = 00 is ^fi is unbounded. 

Assume Q is unbounded. Let Q be a cube with i{Q) > 1, centered in Q with AQ fl ^2 7^ 0. 
There exists a cube Q' with AQ' C Q, (-{Q') = ^{Q) and the distance between Q and Q' 
is comparable to i{Q). 



The proof of L is classical and skipped. 

Point 2. follows easily: take Qo as the smallest cube containing the bounded UkS in point 1. 

To obtain p = 00 in the proof of 3. when is a special Lipschitz domain is classical using 
"vertical" refiection. Localisation gives us a finite p. To obtain p = 00 when Q is unbounded, 
we argue as follows: let Qo be the cube of point 2. Let Q be a cube centered in Q with 
i{Q) > p. If i{Q) < Xi{Qo) for some A > 1 to be chosen, then for Q = j^Q we have 

\QnVL\>\QnVL\> C\Q\ > C (A^(Q",))n |Q|. If i{Q) > A^(Qo) and the center of Q belongs to 

R{no), then \Qnn\>\Qnnn ^Qo{= \q n R{no) n ^Qol > IQ n R{no)\ - \Qo\ > c\Q\ - \Qo\ 

where C is the constant obtained for the domain R{Qo)- One chooses A so that |Qo| ^ Cp'^/6". 
If ^(Q) > A£((5o) and the center of Q does not belong to R{Qo), then this center belongs to 
Qo and one can find in Q a point in R{Qo) at distance less than i{Qo) from the center of Q. 
It follows that Q contains a cube of sidelength i{Q)/3 and centered in R{Qo)- We apply the 
above argument to that cube. 

The proof of 4. is well-known if Q is special Lipschitz or bounded. See 0, p. 304. By the 
same argument, one can see it holds for some p finite for all strongly Lipschitz domains. It 
remains to show that one can take drop the finiteness of p if '^Q is unbounded. In that case, let 
Q be a type [b) cube contained in Q with i{Q) > p. Pick Qo, R and Qo of point 2. In a basis 
(ei, . . . , e„), f2o is a;„ > (p{xi, . . . , We take Q = Q — ci{Q)R{en) for some appropriately 
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chosen c that depends only on the domain Q,. We leave to the reader the care of verifying that 
such a choice is possible. 

To see point 5. let Q is a cube of size greater than 1, centered in Q with AQ (IQ ^ 0. 
Arguing as above, wc take Q' = Q + c£(Q)-R(e„) where, since f2 is unbounded, one can pick c 
large enough and independent of Q such that Q' enjoys the desired properties. Details are left 
to the reader. 
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